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Symmetries in physics

e Symmetries in nature imply conservation laws.

Space translation —> Momentum
Time translation —> Energy
Rotation —> Angular momentum
_U(1) gauge «— Charge conservation
Invariance

e Basic principle of QFT: Lagrange functions £ are formulated to be invariant,
under global and local phase transformations



Noether’s theorem

Consider a continuous transform of the field ¢, which in infinitesimal form
can be written as:

d(x) = ¢'(x) = ¢(x) + alg(x)
If Z(q),apcp) is invariant under such transform
oL =0
Then there is a current ju(x) conserved

oL
9(0u9)

Conservation law can also be expressed via:

Qz/j°d3x E— dQ—o

— =

JH(x)

Ad — J,"(x)=0



Gauge symmetries:

e Global gauge invariance:
o The expectation value of a quantum mechanical observable

£ 0 >= / PV*OY
Is invariant with respect to the global phase transformation of the wave function:
Y(x) — ¥'(x) = ' P(x)

o The invariance of a Lagrangian with respect to a phase transformation corresponds to a global
U(1) symmetry (referred to as gauge symmetry)
m Leads according to the Noether theorem to a conservation of probability and charge



Gauge symmetries:

Global gauge invariance:

(@)

The Lagrangian L(¢, ¢*, 0,,¢, 0,,¢") for a complex scalar is invariant under U(1) gauge
transformations:

o(x) — ¢/(x) = e (x),
o*(x) — ¢¥(x) = e %" (x).

where a does not depend on the space-time (as it is a “global parameter”)
The Lagrangian is also invariant under infinitesimal variations of these fields 6®:

d(x) — ¢'(x) = d(x) + 5¢(x) = ¢(x) + iQ(da)p(x),

¢*(x) — @"(x) = ¢"(x) + 6¢"(x) = ¢"(x) — IQ(s)¢"(x)
Such that:

6(0u0) = iQ(0c)0y ¢

follows.



Gauge symmetries:

e Global gauge invariance:
o Exploiting the Euler-Lagrange equation gives:

oL oL oL oL
. = —g ——)
56°° T 53,9’ % ) T 559" GG

oL |. oL .
oL oL

= iQ(60)d, [m(ﬁ] — iQ(50)d, [Wﬂ =0

o According to the Noether’s theorem, we can calculate a current:

W (9L oL )
= ’Q(a@aﬁW 5(0,6")"

where Q is the conserved charge (since the current fulfills the continuity equation)

d
e. —QR =0
i.e dtQ

=77 = 0(0ud")




Gauge symmetries:

Local gauge invariance:

o Now we want to ensure that quantum mechanical observables are also invariant under
local phase transformations of the wave function:

Y(x) — ¥/(x) = e 9My(x)

o Space-time dependent phase transformations (local gauge transformations) imply:

0,0 (x) — 0,0 (x) = e M9, (x) + IQ(Iuau(x))(x)]

o Thus need to introduce a covariant derivative like:

Example: QED

Op — Dy = 0y + 1eQA,(x) “ (17)

in order to ensure that the Lagrangian becomes invariant under local phase
transformations. 10



Gauge symmetries:

Local gauge invariance:

o In equation (17), we find the electric charge of the fermion field q = eQ, and the vector
potential A“(x) of the electromagnetic field (which is the gauge field of the U(1)). The
latter field transforms under phase rotation like:

Au(x) — A, () = Au(x) — ()

o Thus L|J*Dul.|J is invariant under local phase transformations since:

D,p(x) = (0, + ieQAL)Y
— Dsz’(x) = {8+ ieQAL(x))e"Qa(X)zp(x)
= /) 10, + 1Q0,0(x) + 1eQA,(Xx) — iIQD,ax)]1(x)
= ' Q[9, + ieQA,(x)]1(x) = "X D 1h(x)

11



Gauge symmetries:

Local gauge invariance:

(@)

The local gauge invariance under U(1) transformations is obtained by introducing an
interaction between the fermion field and the electromagnetic field.

The global U(1) symmetry of the field equations leads to a conserved charged (which is
the source of the electromagnetic field)

An interaction (coupling between matter and gauge fields) is unambiguously determined
due to the requirement of local phase invariance (local gauge principle) i.e. via the
covariant derivative:

Dyuip(x) = 0uth(x) + ieQA,(x)Y(x)

12



Gauge symmetries:

Local gauge invariance:

o Example: (electromagnetic interaction between the a fermion and the photon field)
m The Lagrangian of the free Dirac field:

Ltree = Y(iv" 0y — m)yp
is adjusted to follow local gauge invariance
L = E(’.VMDM — m)y
= (i O — m)y — eQA, vy
= Ltree —J Ay

and introducing the coupling to the electromagnetic current:

J* = eQyyHy

13



Gauge symmetries:

e Local gauge invariance:

o Example: (electromagnetic interaction between the a fermion and the photon field)
m Lagrangian of the quantum electrodynamics:

EQED = nggton 2% L:F‘rzremion 3n EInteraction
1 L .
= _ZF/U/FM + Y(iv" 0, — m)p — jHA,
1 B _
— _ZFMVF'U -HDW“@M— mWD—J“Au

Photon Fermion Fermion
— L:kin =+ Lkin + £Mass + EInteraction

14



Group theories:

Gauge symmetries are described via so-called Lie groups:

o i.e. groups of transformations g(a) that are analytical functions of a set of continuous
parameters a_ (witha =1, .., n)

o The infinitesimal transformation can be written as:

og(ai,an,...,ap) =14+ iaT?
where T2 (a =1, ..., n) are the generators of the group.
o All elements of the group can be written in the form:

g(a) = exp(ia®T?)

o These transformations are unitary if the generators are hermitian

o Unitarity is a condition for symmetry transformations of quantum mechanical states in
order to guarantee the conservation of probability
Lie groups are relevant for the inner symmetries of the SM particles as well as for

the gauge symmetry 15



Group theories:

e Gauge symmetries are described via so-called Lie groups:
o The hermitian generators are quantum mechanical observables and conserved quantities

o Aset of linear independent generators of a Lie group follow the commutation rules:
[Ta’ Tb] - Ta Tb . Tb Ta — I'f'abC TC
with the structure constants 2°° and the relation:
[Ta, Tb] — _[7-b7 Ta]
o The generators and the commutation operation define the Lie Algebra of a group.

o The structure constants are specific to a Lie Algebra, but they depend also on the choice
of independent generators and thus also on the parameters of the group

o The number of independent parameters/generators gives the order N of a group

o The maximum number of commuting generators of a Lie group is called its rank R 16



Group theories:

The following Lie groups are relevant for the Standard Model:
o U(1):
m abelian (i.e. group is commutative)

m for unitary 1-dimensional phase transformations
m Rank 1

o SU(N) (N2 2):
m non-abelian
m for special unitary transformations of N-dimensional complex vectors following:
o UTU=1
e Det(U)="1
m The generators of these groups T=TT are hermitian nxn matrices with Tr(T) =0

e NZ2-1 independent matrices/generators exists
m Rank N-1

17



Group theories:

e Other Lie groups:

o SO(N): (special orthogonal groups)
O'0=1

Det(O) = 1

N(N-1)/2 generators exist

Rank R = N/2

o Exceptional Lie groups:
s G,N=14, R=2)
F,N =52, R=4)
Ei(N =78, R=6)
E;EE : ;22: E: g -« Used in e.g. string

theories




Discrete symmetries

Symmetries of a free particle (here: fermion) for the electromagnetic and strong
interactions but not for the weak interaction:
o Parity P inverts the direction of the (space) axis: X — —X, p— —p

P(t, %) — 7 (t, —%) = npy (¢, X)
o TimeinversionT: t — —t
P(t, %) — T (—t, %) = iv'yPp*(t, X)

o Charge conjugation: particle — antiparticle, Qf — — Qf

(t, %) — (£, %) = incy** (¢, X)

19



Discrete symmetries

CP symmetry:

o Is experimentally known to be violated by at least the weak interaction
CPT symmetrie:

o Is conserved for all local and lorentz invariant field theories with Lh=r

and a spin—statistics theorem (and thus for all interactions)
m  Some BSM theories actually predict CPT violation (e.g. in string theory)

o Formulated in the 1950s by Schwinger, Pauli, Liiders

o Implies that particle/antiparticle have the same mass

o Experimental effort ongoing to test CPT invariance

20



CPT Invariance

e The simplest tests of CPT invariance probe the equality of the masses and

lifetimes of a particle and its antiparticle: .
e The best test currently comes from the limit on the mass difference between K° and K°

e Any such difference contributes to the CP violating parameter €.
e Assuming CPT invariance, ®_, the phase of € should be very close to 44°

e In contrast, if the entire source of CP violation in K® decays were a k0 _ K0 mass
difference, ®_would be 44°+ 90°.

e Assuming that there is no other sources of CPT violation, it is possible to constrain the
mass difference. The current best constrain at a 90%CL is:

<06-10718

(migo — myo)
mKO

From particle data group (pdg): https://pdg.Ibl.qov/2017/reviews/rpp2017-rev-conservation-laws.pdf

For more information see: CP violation in K decays: results from NA31, prospects in NA48 - INSPIRE 21


https://inspirehep.net/literature/372279
https://pdg.lbl.gov/2017/reviews/rpp2017-rev-conservation-laws.pdf
https://inspirehep.net/literature/372279

3 1.4.2 Fundamental Forces and their Unification .




Fundamental interactions

Based on the symmetry principle, local gauge theories (Yang-Mills theory) provide
a general description of all known interactions between the fundamental particles
(Quarks and Leptons).

The properties of these interactions are determined by gauge symmetry groups.
Fermions (Spin 1/2 particles) build up the multi-pletts used in the formulation of
these gauge symmetries.

The generators of the gauge symmetry groups (Lie-groups) are the generalized
charge operators of an interaction. The interactions are mediated via the exchange
of vector-bosons (Spin 1 particles).

The electromagnetic (EM), the weak and the strong interaction can be described

via (special) unitary symmetry groups.
23



Fundamental interactions

Interaction EM Weak Strong
Gauge symmetry U(1) SU(2) SU(3)
Theory QED GSW QCD
Gauge boson Photon w= 70 8 Gluons
Acts on electric charge  flavour  colour charge
Range o0 10~ 18%m 10~ 1°m

Gravitation is not described by SM ”



Fundamental interactions

e The number of independent parameters as well as the number of generators (generalized
charges) of a group SU(N) is N? — 1 (order of a group). Here, N is the number of degrees of

freedom of particle states (i.e. the dimension)

e The gauge symmetry group of the Standard Model of particle physics is the product of the
individual Lie-groups:

U(1) @ SU(2) ® SU(3)

The free fermion states (f=e, y, 7, v, Vo Vo U d, s, c, b, t) of the Standard Model are thus

given via:

o Particles: r
w?(x,E>o>:u<p)e—"P“X“Xei("f‘)‘x(3) x| &

L b
q

o  Anti-particles:

r
V7 (x, E < 0) = v(p)eP" x 7/ x ( d ) " ( . )
R b 25
q



Quantum Electrodynamics (QED)

Gauge theory based on the U(1) symmetry group (electric charge)

Gauge field (photon field): Potential Ap

Gauge boson (photon): Spin-1, massless (due to gauge symmetry requirement)
Lagrangian density describing the coupling between a photon and fermion:

1 S
LOED = —ZFWF“ + Y (iv* Dy, — me s (18)

with the covariant derivative:
D, =0,+ieQA,

and the field-strength tensor:

F,UV — (9,,/\# = @LAV 26



Quantum Electrodynamics (QED)

Gauge field couples to current: A“ y
£Interaction — _././'LA/,L ' -
. . . . Wr @rE Uy
Here the conserved (electromagnetic) current is defined by: : t / :
J* = eQepyHip JF

The couplings strength is determined via the elementary charge e, while Q. is the
eigenvalue of the charge operator (generator of the U(1) gauge symmetry group).
Local U(1) gauge transformations defined by:

Yr(x) = Yp(x) = e ey (x)
Au(x) — A,,LL(X) = Au(x) + 9ua(x)

keep the Lagrangian from equation (18) invariant



Quantum Electrodynamics (QED)

Global U(1) gauge symmetry — Conservation of electric charge (Noether’s
theorem)
Continuity equation:

99 — [ @39 — _ [ BxV]'= — §dF] =0

Gauge symmetry requires m, = 0
o Experimental limits:
m Measurement of Jupiter’s magnetic field by Pioneer 10-probe: m, < 45-1071% eV
m Measurement of galactic magnetic field: m, < 3.5-107%" eV
Gauge interactions must have infinite range !
o In contradiction with what has been said before (more on this later !!!)

28



Quantum Electrodynamics (QED)

e Additional symmetries of the QED:
o Continuous symmetries:
m Lorentz invariants
m Invariants under space-time shifts
m Rotation
— Conservation of energy, momentum and angular momentum (Noether’s theorem)

o Discrete symmetries:
m Lepton- and quark-flavour conservation
m Parity P transformation: X -+ —Xand p— —p
m Time T transformation: t — -t
m Charge conjugation C: Q. — -Q,



Description is analogous to QED with coupling of weak currents to an electric

Weak interaction

charged gauge boson: j#~ W + j#T W

Short ranged interaction changing lepton and quark flavours.

O

O

Nuclear (3-decay:
n— pe Ug

Muon decay:

+ +., =
pt — et ey,

D

n : .

Extension of
4-Fermion interaction

by Fermi:

-
m
t
U U
n| d - d |
d o U
g\ o e
RN
it -
P
H i g € . 1/71 y
\\” 7 ) e
~ P 4
} =8 o o
o . 9 ~ N "
= =y N

VU

30



e \Weak interactions are described using dubletts of a fundamental SU(2) group

Weak interaction

(analogous to Spin and Isospin).

e Left-handed particles are sorted into SU(2)-Dubletts: /

Qr

electric charge

d

3

_I_

NI N N N =

hyper charge

3rd component
of weak Isospin

7’4

31



Weak interaction

e Right-handed particles are sorted into SU(2)-Singuletts:
Qr Yr i

L, VeR ViR VrR 0 0 0
ep Up s —1 —2 0
L U CR tR +5 +3 O
dr SR b -1 -5 0

e Relationship between electric charge and hypercharge described by

G = /fo’ -+ Yf/2

e The weak interaction induces flavour-changing transitions within the
fermion-dubletts L, (for leptons) and Lq (for quarks).

32



Weak interaction

Only left-handed fermions %t and right-handed anti-fermions v participate in the
weak interaction.

Due to the V-A structure of the weak currents, the weak interaction is maximal
parity violating.

Proof for parity violation in the weak interaction:
o K'-m"m®and K* - " m " (Lee & Yang in 1956)
o Polarisation of electrons from nuclear 3 decay (Wu in 1957)

Projection of the chiral fermion states:

1 —
YL =Py = ( 2%>¢ with the chirality: ~g = ,yg
B (147 VYL = —YL
wR—PR@D—( 9 )@b ’75¢R: VR

33



Weak interaction

e Thus the weak fermion currents are defined via:
. —/
Jvl:,eak — 77DL'YM¢L
= (Py) 'Oy Py = TP Py
— 1—
= YyP =Sy (1 - )i

e Thus we speak about vector (y*) - axial vector (y"y,) or V — A current

34



Weak interaction

Spin \
= p =
e \ <"'C,\(

% maximal
/“ C /“ violating
W > \ e '/

X
S < =S
/«s . T < ol >-.\vlvif)laakting
e \ =i )
S < = S

35



Weak interaction

e Use local weak Isospin gauge symmetry SU(2), to describe the weak interaction:

o SU(2),-Dubletts (L): Ly — e/A L,
o SU(2),-Dubletts (R): Yr — V&
o 3 Generator (charges)
/
m Isospin vector: = ( /; )
I3

m Lie-algebra: [l, IJ.] = iaijk | (i.e. weak interaction is non-abelian)

m Creation and annihilation operators: £ = % (h +ih)

m Fermion-dubletts with: |/] = % = i% Creation and Annihilation
operator:
s /= Z with Pauli’s spin matrices o, (with i = 1, 2, 3) oF = 5 (01 £ 02)

36



Electroweak unification

Common approach using local SU(2), and U(1),, gauge symmetry
(Gashow 1961, Salam 1968, Weinberg 1967) — (GSW theory)

m Electromagnetic interaction has to be considered as well due to the electric charge of
the weak gauge bosons W*

Y is weak hypercharge: [I,Y] =0 withi=1,2,3
Therefore Y. is the same for both components of a SU(2), -doublet wherase Qr # Yr

The electric charge within a multiplet is derived from Q, = I, +Y/2

A unified gauge theory of a combined weak and electromagnetic interaction is
described via: 1

v 1 / %
Lsu@xua) = =g fuwf™ — 7R F"

+Z@fR"’Y”DuR)¢fR + Z(zf"V”DuL)Lf
f L

37



Electroweak unification

where L. is a left-handed SU(2)-doublets and y. is a SU(2)-singulett, while the
covariant derivatives are defined via:

Y , 5
Dy = 0, -1+ /g/%Bu(x) -1+ igl- W,(x)

/
- 8M-]l+i% fLBM(X)-]l—i—igﬁ-WM(X)
Y,
Dur = aﬂ+,g’$gu(x)

Here, the coupling constants g and g’ are the weak Isospin and the weak
hypercharge, respectively.

= minimal gauge invariant coupling to 4 massless gauge bosons from a
U(1), and SU(2),: WX (x)
. p
By(x) and W(x) = | WJ(x)
W (x)

38



Electroweak unification

The field-strength tensors of the SU(2), x U(1),, are defined via:
fur = OyBu(x) — 9uBy(x)
) . . o L
Fo = 0uWi(x) = 9. W,(x) + g W (x) W, (x)
i.e. the formulation of the Lagrangian for free gauge fields is done analogous to
that of the QED.

All fermion masses need to be = 0, due to global SU(2), invariance
o Different masses in the fermion doublets violate the SU(2) symmetry

A mass term for dirac particles VP, = VR

mp = m@(PE T Pé)w = m(¢;Yr + VRYL) VPR =Y

IS not invariant

= masses of electroweak gauge bosons (except for y) and fermions are generated by a spontaneous
symmetry breaking of the local SU(2), x U(1), gauge symmetry (i.e. Higgs-mechanism). 39



Electroweak unification

Local SU(2) gauge transformations U(x) are defined via: fwo

L — ' = U(x) L =eE38) T
The interaction term of the electroweak Lagrangian can also be written as:

. /
EInteraction = —8 zf: (wffyuwa) BM — gzL: <Lf’y“§ J Lf) W’u

-’

= —giyB— e Wy — s (Wi W)

= Lnc+ Lcc
with the definition of the flavour-changing charged currents and the charged
gauge bosons

-t T 1l 12 ;
= =) Ligtn=by = i & and Wi = —(W} +iW?2)
4

1
V2

NC

3@

40



Electroweak unification

Neutral currents of neutrinos can only be mediated by weak interaction.
e Discovered in 1973 at CERN via V,Pp—V, P

Z and y boson result from spontaneous symmetry breaking (rotated by angle 6,

wrt original W° and B° vector boson plane):
B, R AL\ cosBy sinfy B,
WS ZS ~ \ —sinfy cosfOy Wg

with:

g _ . B g'Y
Sin HW =

\/gz +g12Y? \/gz +gR2Y?

cosOyy =

41



Electroweak unification

e The photon field is defined via:
gB, —g' YL Wy

\/g2 + g/2 YL2

A, =

while the Z -field is defined via:

70 _ gW,) +&'Y.B,
B 2 /2y2
\/g +8°Y[

e Both, the Z° as well as the W* bosons were discovered in 1983 at CERN in pp
collisions.

e Neutral weak currents (coupling of neutral fermion currents to the Z° gauge boson)
was already predicted by the GSW theory and finally observed in 1973 in neutrino

scattering experiments at CERN (using bubble chambers). 45



Electroweak unification

Inverting the transformations gives:

gAu + g/ YLZS 0 gZB - g/ YLAM
B, = and Wy, = e
\/g2+g/2yL2 \/&°+&g°Yf
Including this into the Lagrangian gives:
/g2 +g/2 YL2 o
Lyc — 5 Z, (Ve V" ver)
¥, 'Y,
= 2Au(5LW“ o) - ——2F ZAN(ER’Y“ er)
g2 s g/2 YL 2 /g2 EP g/2 YL
12 Y2 2 /2Y Y

- - =Z,,(er""er)
9 /g2+g/2yL 2 /g2_|_g/2yL

= Neutrinos do not couple to the electromagnetic field A“

o  Only left-handed neutrinos couple to Z“, while right-handed neutrinos do not interact
since their weak charge Y(v) = 0.

43



Electroweak unification

For the electromagnetic interaction we define:

\/g2+g,2YL2
= €

Y[_ ; — —1 and YR:2Y[_
88
and thus:
/
€ —88 / .
2 2 _ e = = g cosby = gsinfy
Veite cos Oy sin Oy \/g2-|-g’2
g/2 _g2 e 1 5
= —— v
2./g2 + g cosQWsin9W< 2—|—sm W

g e

/2
)
— co— - 9

44



Electroweak unification

With these expressions, the Lagrangian for interactions with neutral currents
changes to:

e | _ : -
Ene = - cos Oy sin Oy [(_5 + sin” 9W> (By"eL) + (—sin® Ow ) (er""er)

(Terv vel)Z) — € > (Qetheabe) Ay
f

2 cos Oy

In a more general representation:

° > (12 — Qursin® 0w) (P a gV rr)] Z

fr,fL
- € Z(Qfaﬂ’wf)"‘u
P

The weak neutral coupling of all left- and right-handed fermion states to the Z
boson is described via:

Lnc= - : -
cos By sin Oy

l3 . - D
cosQWsinQW(f Q@ sin” Ow) 45



Quantum chromodynamics (QCD)

SU(3) gauge theory of the strong interaction between quarks and 8 charges
(generators) A (a =1, ..., 8):

[A?, AP] = 2if 2P \°
with the structure constants of the SU(3)-Lie algebra fa°.
Local gauge transformations are given via:
Wq(x) — Wy (x) = U(x)Wg(x) = e® 27w (x)
while the Lagrangian is defined as:
1 y — .
Locp = =7 Fa, F™ + > Wy(iv"Dy — mg) Vg

q
with the covariant derivative (with Dpr = U(Dpr)):

)\
— : 4 g Gauge fields of the QCD
D, = (% T I8s > Gu (witha=1, ...., 8)

46



Quantum chromodynamics (QCD)

The field strength tensor is given via:
bc ~b
ijzﬁyGZ—'aﬂGya"—gsfa CG'LLGVC

Within the fundamental SU(3) representation, the quark-fields are sorted into
tripletts using the quantum number: Colour ("red","green","blue"):
whereas antiquarks

ar 1 0 0 carry anticolour
ve={ g Jix=(0)ine=(1]) =0 (7.5.5)
b 0 0 1

Introduction of creation and annihilation operators within the SU(3)
colour-tripletts:

/Ci — %()\1 +iX2); (Transformation g <— r), 9 . JT e 4
\\ Y
1
Vci = 5(/\4 FiXs); (Transformation r <— b), U+\\ Vs VT
4
1
UE = 5()\6 +iA7); (Transformation b <— g). D 47



Quantum chromodynamics (QCD)

Here, the three dimensional Gell-Mann matrices are used (which are defined
analogously to the Pauli matrices of the SU(2)):

0o 1 0 0 —i O

A1 = 1 0 0 |;X=1i 0 0] (g«—r)
0 0 O 0O 0 O
0 0 1 0 0 —i

Ay = 0 0 O M=|0 0 0| (r<—b)
1 0 O i 0 0
0 0 O 0 0 O

e = 0 0 1 A=10 0 —i | (b g)
0o 1 O 0 i O

48



Quantum chromodynamics (QCD)

(couples rr,—gg)

>~

&

I
b
O O = =

|
R
o109l =

(couples rF,gg,—2bb).

>
(0]
|
N
w
P
O O K N
o~ ol o~ o
NOOgoT OO0

(@l LGSR

49



Quantum chromodynamics (QCD)
e Interaction part of the QCD-Lagrangian:

conserved colour current
— )@ a
Loaw(SUB)c) = | - 5 V)6, e
4 == . T .
= —752 Uy IEW(gF), + VU ICV(rE),
+ WARVEV(rb), + WAH Vo V(bF),
+ Wyl UEW(bE), + V" U W (gh),
1l — 1
+ —UAENUGE + _UA4H N GE
2 g

50



Quantum chromodynamics (QCD)
with the eight gluon fields:

g = (gF)u= —2(@ — iG}),
gz = (1B)u=—=(G}+i6) = Fu.
g = (D)= (Gl +iG)).
gis = (br)u= %(G: = "Gﬁ) = 84
g = (b8), = —(GE iG]
E 1 6. . 7y —
gz = (gb)u= T(Gu+’Gp) = 86>
8u3 = %(rf —gg) = GEZ (colour neutral),
8u8 = i(rF—i— g5 — 2b5) = G (colour neutral).

9 K



Quantum chromodynamics (QCD)

Obtain eight colour charge operators from the 3¢ ® 3¢ = 1¢ + 8¢ of the SU(3)

Exchange of a gluon changes die Colour quantum numbers not the flavour
quantum numbers of quarks.

Gluons do not exists as colour-singlets in the SU(3) (in contrast to U(3)).
o Such states would couple to colourless states, Mesons (qd) and Baryons (qqq), and
would induce strong and far ranged nuclear forces similar to the electromagnetic force

Coloured particles (quarks and gluons) are bound to colour-singlet states
(Mesonen and Baryons) and do not appear as free states (confinement)
o Example:

rt =

uyd- + ugc7g + ubd-g)

-
V3

52



Quantum chromodynamics (QCD)

Motivation of colour quantum numbers:
o The new inner degrees of freedom of the SU(3). colour symmetry allow the construction
of a antisymmetric wave function for the A** = (u 1 u 1 u 1) baryon (J” = 3/2 and L = 0):

|
xc(ATT) = ——€jjk Ui Uj Uk

V6

m Forbidden without colour charge due to Pauli’'s principle
o Hadronic cross section in e*e™ annihilation:

R = olete” = > qg)/oleTe —putu) e;\

q(Ecm>2mq) L.

= N+ Z Qg & DaVaVel \\.\\\ -

q(ECM>2mq)

m Isthus N = 3 (number of colour charges) times higher than the leptonic cross
section. 53



Quantum chromodynamics (Q

e Motivation of colour quantum numbers:

CD)

o Decay of the T into two photons: 0 u,d TM
.
0 2 |
I (W 2 77) ~ N¢ 70 = ud + (ld

o Renormalizability of the electroweak interactions:

Divergent terms (appearing at higher orders perturbation)
for interactions between two vector currents and one axial
vector current are canceled if

ZQf:ZQE‘I‘NC‘ZQq:O
f ¢ q

Holds true (i.e. if quark and lepton contribution cancel each
other).
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— 1.4.3 Origin of Particle Masses




Origin of particle masses

While the electromagnetic interaction has an infinite range, the weak interaction is
short ranged
o i.e. the weak interaction must be mediated by massive gauge bosons

Explicite mass terms of gauge bosons (described by Proca equation) violate the
local gauge symmetry of the Lagrangian

Explicite mass terms of fermions (described by Dirac equation) violate the global
SU(2), gauge symmetry

However, gauge symmetry is necessary to cancel divergences in every order of
perturbation theory i.e. renormalizability of the electroweak theory (similar to QED)

Solution: Introduce spontaneous symmetry breaking (SSB) of the vacuum
expectation value of the field theory
o However, the gauge symmetry of the full Lagrangian is conserved
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Origin of particle masses

e Higgs mechanism:

o Constructed analogously to 2nd order phase transitions in solid matter state physics:
SSB below a critical temperature T,
m In particle physics:
e Full symmetry of vacuum recovered at high energies/temperatures
o l.e. phase transition, SSB, happened during the cooling of the expanding
early universe

e Goldstone's theorem:
o The spontaneous breaking of a continuous symmetry leads to the existence of a
massless scalar (“Nambu-Goldstone boson”)

m Examples:
e The longitudinal polarisation components of the W- and Z- bosons correspond to the
Goldstone bosons of the spontaneously broken part of the electroweak symmetry SU(2)
®U(1)
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Higgs mechanism

Goldstone bosons are excitations of the field (in the direction of the broken
symmetry)

o Example:
m Quasiparticles in solid state physics (such as phonons)

In case of a spontaneously broken local gauge symmetry, the goldstone bosons
are “eaten-up” by the gauge fields (unitary transformation)
o This process provides the longitudinal polarisation states to the gauge bosons
and a mass term

Higgs mechanism is introduced analogously to the Meil3ner-Ochsenfeld effect:
o Local U(1) phase symmetry is spontaneously broken in the ground state:
m Photon field obtains an effective mass as it is dampened due to interactions with
Cooper pairs
o Independently proposed by research teams around:
m Peter Higgs
m Francois Englert & Robert Brout 59


https://de.wikipedia.org/wiki/Fran%C3%A7ois_Englert
https://de.wikipedia.org/wiki/Robert_Brout

Higgs mechanism

Introduce an additional complex scalar field within a SU(2), - doublet:
R K Y=2Q-5h)

[T 41 +3 +1

S\ ) o0 -1 +1
which fulfills the Klein-Gordon equation and is described by a SU(2) x U(1) gauge
invariant Lagrangian of the form:

LHiggs = (DM(D)T(DM(D) - V(‘DT(D)
with the covariant derivative
Du- = (‘)u -1+ ig’YBﬂ, -1+ ig('f- W,L

Self coupling parameter

and the potential (A > 0):
V(dTd) = 12(dTd) + A(dTd)? 60



Higgs mechanism

e For p?<0, the ground state (kinetic energy T=0and V = V . ) is ata non-zero
value of the scalar field

—— =2u°|® 4N\ Dg|I” =0
o] — 2 | o + 4X| D
2
— (D — _— = —
where the vacuum expectation value of the Higgs field is:
= % ~ 246 GeV
e The ground state
0
%= ( )

spontaneously breaks the SU(2), x U(1), symmetry.
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Higgs mechanism
The weak isospin doublet of the Higgs field can also be written as:
& — T _i b1 + 1Py
S\ ) T 2\ D3+ iy
A fluctuation around the minimum v is written as:
1 /o P 1 0
—(Prr®2) o . (19)
V2 \®P3+ idy V2 \Vv+ h(x) +i{(x)
The scalar field h(x) describes a physical Higgs boson, while C is an unphysical

massless state (Goldstone boson)
Rewriting the original Lagrangian in terms of the quantum fields h and ¢ yields:

/\(hz + %)

£ % (0" hd,.h) + % (0"¢B,uC) — AvPh* — Avh (B + () — 2

where the h field obtained a mass m = V2?2
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Higgs potential

e The Higgs potential has the shape of a “mexican hat”
e Higgs boson is a radial excitation of the field

V(ﬁ) i Im(P)

Re($)
Re(9) >\ \

Position of Go=V/V2
Po=V/V2 the minimum 63




Gauge boson masses

e The gauge bosons obtain their masses via coupling to the Higgs field:
o Inserting the vev component from equation (19) into the covariant derivative:

D,;b:(@ ]1+/§B 1+iss VT/M)cb

+ 1 w3 'B 20W+ +
oo (0) 5T %) ()
dy 2\ V2gW, —gW? +g'B,) \ %o
leads to a term

+i (gWing'Bﬂ V2gWit ) 0
2\ V2gW; —-gWi+g'B,)\ 5

which results in:

1 1 2
£partial 4 2 2W+W +§V (_gW;13,+g/BM) (20)
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Gauge boson masses

Studying equation (20), we can identify:

(@)

(@)

©)

The W boson mass term:
1
mwy = —gv
w 2g
The Z boson mass term:
1l ot mw
mZ—2 (g +e ) V_COSHW

A" remains massless

Before the interaction with the Higgs field:

O
O

8 degrees of freedom (2 polarisation states for each W, B)
4 degrees of freedom from the Higgs field

With:
Z, = cosOy Wi —sinfw B,
A, =sinfy Wi’ + cosw B,

/

tanQW = é

g
and the general expressions for
the mass terms of a charged
spin-1 and a real spin-1 field,
respectively:

1
m*Vive and  SmPV,VH

After the interaction with the Higgs field:

O

@]
©]

9 degrees of freedom (3 polarisation states for each W*, W-, Z)

2 degrees of freedom (2 polarisation states for AY)
1 degrees of freedom for the Higgs boson h
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Yukawa coupling

The Dirac equation is only invariant under SU(2) transformations of the left-handed
fermion doublets, if the two constituents of a given doublet have the same mass
(,e.m_=m)
o To keep gauge invariance, Higgs-Mechanism is also used to generate
fermions masses

The Yukawa interaction describes the coupling between the Higgs field and the

fermion fields:
(qu)) Y + VR ((DTLf)]

LYukawa = Z 8f
f‘
where the strength of the Higgs-fermion coupling g, is proportional to the mass of

the fermion:
B V2 - my

"4 66
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Higgs boson discovery

e Discovery of a new particle compatible with the SM Higgs boson was published by

the ATLAS and CMS collaborations in the Summer of 2012
o Considering the following decay modes:
m h—yy (ATLAS & CMS)
m h—ZZ*— Hi (ATLAS & CMS)
m h—> WW*— fviv (ATLAS)
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Higgs boson discovery

Discovery of a new particle compatible with the SM Higgs boson was published by

the ATLAS and CMS collaborations in the Summer of 2012
o Considering the following decay modes:
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h — WW* — fviv (ATLAS)

CMS \s=7TeV,L=51f"\s=8TeV,L=5.3fb"
i e .

¢ Data
—— S+B Fit

: ------ B Fit Component

| CJ+1o

| B +20

I

>

Unweighted

130
m,, (GeV) :

A A RN B B
110 120 130 140 150

m,, (GeV)

Events / 3 GeV

16
14
12
10

o N N (2] [e2]
T T T T[T

cMvs \s=7TeV,L=51fb" 1s=8TeV,L=53fb"
T ‘ T T T I T T T ‘ T T T I T T T { T T T I_
|- > T T T -
¢ Data Sek Ky>05 7
F Bl z+x o5k ]
Dz zz 1
E [ ]m,=125 GeV Sap ]
C > of ]
[ (] ]
E i3 ]
: 0 120 140 160 E
- m,, (GeV) -
L 1 | t } H

80 100 120 140 160 180

m,, (GeV)

Events/GeV

Other channels such as h — 11

were not sensitive enough back

then

cMs
5——

\s=7TeV
T

L =49fb" \s=8TeV,L=5.11b"

v

100

[ m, =125 GeV/
—e— observed
Jz-u .
(=] Top 7]
[ clectroweak
C—JQcb

200 300
m,. (GeV)

68



Higgs boson discovery

The discovery of the Higgs boson concluded a search
lasting several decades

o Previous inconclusive searches at LEP and TeVatron
Resulted in Nobel prizes for: Francois Englert and Peter W.
Higgs (for the prediction of the Higgs boson)
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https://www.nobelprize.org/prizes/physics/2013/englert/facts/
https://www.nobelprize.org/prizes/physics/2013/higgs/facts/
https://www.nobelprize.org/prizes/physics/2013/higgs/facts/

1.4.4 Quark-flavour mixing




Quark-flavour mixing

Mass eigenstates and flavour eigenstates of down-type quarks are different to the weak

interaction
o The mixing between the down-type quarks is described by an unitary matrix i.e. the so-called
Cabibbo-Kobayashi-Maskawa (CKM)-matrix:

d’ d Vid Vuse Vb
s | =Vekm | s with: Veckm = | Vea Vs Ve
b’ b Viae Vie Vip

The matrix elements weight the transition probability for decays (via a weak charged
current) of an up-type quark into a down-type quark (or vise versa)

u<+d = V,yd+ Vs + Vb

The masses and mixings of quarks have a common origin in the Standard Model as
they arise from the Yukawa interactions with the Higgs field

Elements of the CKM matrix are not predicted by the SM, but have to be determined
experimentally 71



Quark-flavour mixing

V4| = 0.97446 + 0.00010
Vis| = 0.22452 + 0.00044
V| = 0.00365 + 0.00012

via nuclear -decays
via semileptonic kaon decays (e.g. K — mev,)

via semileptonic B decays (e.g. B — X, lvy)

V.q| = 0.22438 & 0.00044

extracted from semileptonic charm decays

Vis| = 0.04133 £ 0.00074
Vis| = 0.999105 + 0.000032

V.| = 09736017 2ot ” from semileptonic D or leptonic D, decays
V| = 0.04214 £ 0.00076 semileptonic decays of B mesons to charm
Vig| = 0.00896 0 20053 via B-B oscillations

via B-B oscillations

from top quark decays

Latest measurements of CKM matrix elements taken from: https://pdg.lbl.gov/2019/reviews/rpp2019-rev-ckm-matrix.pdf
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https://pdg.lbl.gov/2019/reviews/rpp2019-rev-ckm-matrix.pdf

Quark-flavour mixing

e The CKM matrix can be parameterized by three mixing angles and the CP-violating
complex phase. Of the many possible conventions, a standard choice has become:

1 0 0 C13 0 5136_"(S cio S12 O
Vekm = | 0 <3 3 |- o 1 0 | —s12 <2 O
0 —S3 i3 —5136’0 0 C13 0 0 1

75

C12C13 512C13 513¢€
_ % 5
= —S512Cp3 — €12523513€" C12C23 — 512523513€' $23C13
5 5
$12523 — C12C23513€’ —5p3C12 — S12C23513€" C23C13

where S; = sin Gij, C; = Cos eij, and 0 is the phase responsible for all CP-violating
phenomena in flavor-changing processes in the SM. The angles eij can be chosen

to lie in the first quadrant, so S C > 0.
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Quark-flavour mixing

An alternative representation of the CKM matrix is the Wolfenstein
parameterisation:

2 .
1- 2 A AN3(p — in) \
Verm = -\ -5 AN +O(x%)
AN(1—p—in) —AN 1 )

The Wolfenstein parameters can be translated via:

|Vl
VIV 2+ Vs

Ve
523=A/\2:)\|Vb

o __
513¢€¢ = Vu

S120 = A
us

*

b:

AX3 (p + in)
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Quark-flavour mixing

The unitarity of the CKM matrix imposes:
> ViV = o

> ViV = 0
J
The six vanishing combinations can be represented
as triangles (i.e. by the unitarity triangles) in a
complex plane
The most commonly used unitarity triangle arises
from

Vud Vb + Ved Ve + Via Vi = 0

by dividing each side by the best-known one, V 4V},

o
S

=
S

1d

d

{

0,0)

(1,0)

Phases of CKM elements:

Vea V2

B=¢; =ar (— -
S\ Vv,

th V*;)

a=®y =ar (— L
. Vud Vub

V,qV*

= P3 =ar (— 79 _ub



Quark-flavour mixing

Some last remarks:
o The main consequences of the quark-flavour mixing in weak charged interactions are:
1) Quark-flavour oscillations
2) Violation of the CP symmetry

— Will come back to studies on quark-flavour oscillation and CP violation during
the lectures next semester

o Flavour changing neutral currents (i.e. FCNC) do not appear in tree level processes
within the SM
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