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1. Lagrange Density for the Higgs Field
Consider the Lagrangian for a complex scalar field 𝜙

ℒ = (𝜕𝜇𝜙)(𝜕𝜇𝜙)∗ − 𝑉 (𝜙)

with the potential 𝑉 (𝜙) = 𝛼|𝜙|2 + 𝛽|𝜙|4 where 𝛼 and 𝛽 are real coefficients.

(a) Show that the Lagrangian is invariant under a global 𝑈(1) transformation but not
under a local 𝑈(1) transformation.

(b) Which condition must 𝛼 and 𝛽 fulfill so that spontaneous symmetry breaking occurs?

(c) What happens if 𝛽 < 0?

2. The 𝑊 and 𝑍 Boson Mass
The simplest Higgs field that can give mass to the gauge bosons of the weak interaction
consists of complex fields 𝜙+ and 𝜙0, which form a weak-isospin doublet (𝐼 = 1/2, weak
hypercharge 𝑌 = 1):

Φ = (𝜙+

𝜙0).

The Lagrangian of the free Higgs field and the Higgs-gauge boson coupling is given by

ℒ = (𝐷𝜇Φ)†(𝐷𝜇Φ) − 𝑉 (Φ†Φ) with 𝑉 (Φ†Φ) = −𝜇2Φ†Φ + 𝜆2(Φ†Φ)2

with the covariant derivative

𝐷𝜇 = 𝜕𝜇 + 1
2𝑖𝑔′𝑌 𝐵𝜇(𝑥) + 1

2𝑖𝑔�⃗��⃗�𝜇(𝑥).

The 𝑆𝑈(2)𝐿 ⊗ 𝑈(1)𝑌 symmetry is spontaneously broken by the ground state.

(a) The ground state of the Higgs field Φ0 can be chosen to be

Φ0 = (𝜙+
0

𝜙0
0
) = 1√

2
(0

𝑣),

where 𝑣 is, without loss of generality, a real parameter. Assume

𝐴𝜇 = 𝐵𝜇 cos 𝜃𝑤 + 𝑊 3
𝜇 sin 𝜃𝑤

𝑍𝜇 = −𝐵𝜇 sin 𝜃𝑤 + 𝑊 3
𝜇 cos 𝜃𝑤

and show that 𝜙+
0 ≠ 0 would lead to a coupling of the Higgs field to the photon. Also

show that such a coupling does not appear if 𝜙0
0 ≠ 0.

(b) Expand the Higgs field Φ(𝑥) around the ground state considering small perturbations
𝜂(𝑥) around the vacuum expectation value

Φ0 = 1√
2

( 0
𝑣 + 𝜂(𝑥)),
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as in the lecture (the 𝑖𝜁(𝑥) term can be ignored, why?) to show that the terms in
the Lagrange density describing the mass of the electroweak gauge bosons and the
Higgs boson can be written as

ℒ = [1
2(𝜕𝜇𝜂)(𝜕𝜇𝜂) − 𝜇2𝜂2] + 1

2
𝑔2𝑣2

4 [|𝑊 +
𝜇 |2 + |𝑊 −

𝜇 |2] + 1
2

𝑔2𝑣2

4 cos2 𝜃𝑤
|𝑍𝜇|2.

(c) What do you find for the masses of the Higgs boson and the electroweak gauge
bosons?

3. The HZZ Interaction
By considering the interactions terms of the Higgs field with the gauge bosons originating
from (𝐷𝜇𝜙)†(𝐷𝜇𝜙), show that the 𝐻𝑍𝑍 coupling is given by

𝑔𝐻𝑍𝑍 = 𝑔𝑊
cos 𝜃𝑊

𝑚𝑍 .
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